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Abstract —A rapidly converging moment solution for electromagnetic

seattenng by a single inductive post in a rectangular waveguide is obtained.

The numerical results show good agreement with Marcuvitz’s data as ~ar as

this data goes. Furthermore, Marcuvitz’s curves are extended to cover data

for large posts. This new data should aflow one to design a simply

constructed new type of narrow bandpass filter, namely, a filter consisting

of large single posts. The successful use of this straightforward moment

solution in solving the single-post problem suggests that this technique

should prove useful in solving a variety of microwave discontinuities such

as those involving tkin or thick irises and posts of arbitrary shape.

I. INTRODUCTION

I N DESIGNING bandpass filters for rectangular wave-

guides, one usually utilizes a number of sections, each of

which comprises a high-Q resonant cavity. Such a cavity is

formed of two obstacles nearly half a guide wavelength

apart followed by a connecting length that is an odd
multiple of a quarter-guide wavelength long. Of all conven-

tional obstacles, a single cylindrical post, placed across the

guide parallel to the narrow wall and parallel to the electric

field of the dominant mode, is the most attractive from a

fabrication point of view.

Schwinger had originally solved the single-post problem

during World War II for small posts and his data is given

in Marcuvitz’s Waveguide Handbook [1]. One may think of

the post problem simply in terms of the current which is

induced on the post. Current is longitudinally directed

(along the post axis) and varies circumferentially. The

variation on each post may be represented by a Fourier

series. Schwinger had taken into account the zeroth and

first-order terms of the series. This had limited the results

to posts which were of moderate size and were distant from

the walls and from each other. Those interested in micro-

wave filter design soon found out that when narrow band-

pass filters were desired they needed larger posts. Mariani

[2] recognized the need for larger posts, but, because data

was lacking, decided to analyze the triple-post configura-

tion consisting of three small posts, each within the range

of Schwinger’s analysis. Also available is a work by

Bradshaw [3] who derived improved variational expressions

for scattering from a round metal post with gap.

This paper develops a moment solution [4] for the
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single-post problem and extends Marcuvitz’s curves to

cover data for large posts. This new data should allow one

to design a simply constructed new type of narrow band-

pass filter, namely, a filter consisting of large single posts.

In treating the single-post problem, we use a multifila-

ment representation of the current. The field due to each

filament is then expanded in terms of waveguide modes.

This leads to a slowly converging series which is not

convenient for computation. Fortunately, this severe

drawback can be overcome by converting the series to a

rapidly converging one. Subsequently, a multiple point-

matching of the boundary condition is applied and the

unknown filamentary currents are readily obtained. Fi-

nally, we calculate the scattering matrix for the post two-

port junction, and then obtain the equivalent T network

for that junction. We also use the unitary condition of the

scattering matrix, which is equivalent to the power con-

servation law, to estimate how good our approximate solu-

tion is.

In addition, we employ another independent method of

moment procedure to provide a check against the first one

in regions where no experimental data or other analytical

results are available. The other method uses a multipole

representation of the current and a Galerkin procedure for

the boundary condition. The method uses an infinite series

of images rather than the waveguide-mode representation,

and we found a way of summing the series analytically. A

detailed analysis of the second method will appear in a

forthcoming paper.

The computer results for the single post from the two

dissimilar methods agree with each other within a fraction

of one percent and plot right on top of Marcuvitz’s data as

far as this data goes. Furthermore, we extend Marcuvitz’s

curves to cover data for large posts. The results obtained

from both methods for large posts also show a remarkable

agreement. Apparently these methods both can provide an

accurate solution. It also appears likely that the first method

can be applied to other classes of problems such as those

involving thin or thick irises and posts of arbitrary shape.

II. PROBLEM SPECIFICATION AND EQUIVALENT

SITUATION

The physical configuration of the problem under study is

shown in Fig. 1, together with the coordinate system used.
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Fig. 1. Perfectly conducting circdminductive postinrectagulw wave-
guide.

Here, reconsider aperfectly conducting circular post of

diameter dcentered atx=xO, z=Oin a cylindrical wave-

guide of rectangular cross section. The width of the rectan-

gular guide is a and its height is b. The waveguide is filled

with homogeneous medium of constitutive parameters p

and c. We are not accounting for dissipation and thus p

and c are considered real. It is assumed that the incident

wave is the dominant mode, namely, the TEIO mode,

traveling in the positive z-direction, with exp ( jot ) time

dependence. Since the incident wave does not vary in the

y-direction and the properties of the post are uniform

along the y-direction, the total field in the rectangular

waveguide does not vary in they-direction and reduces to a

two-dimensional one. Our objective is to represent the

scattered field in terms of waveguide modes, thereby read-

ily obtaining the scattering matrix of the system.

In order to find the scattered field in the waveguide, we

replace the perfectly conducting circular surface SO by a

current distribution J placed on a suitably chosen cylindri-

cal surface of circular cross section S~, taken to be either

the same as SOor, with a view toward obtaining improved

numerical solution [5], concentric and inside SO. This cur-

rent is assumed to radiate in the waveguide with the post

absent. The electric field in the waveguide, denoted by E, is

Fig. 2. Equivalent current filaments used to replace the conducting post
surface.

on SO. This, briefly discussed, process of solving the prob-

lem will become apparent in the forthcoming section.

III. FORMULATION OF THE PROBLEM

First, we need to derive the field due to the i th y-directed

current filament ~ given by

{ =UYJ.Y =UJJ3(X –xi) (2)

situated over the z = z, cross section of the waveguide. In

(2), Uy is a unit vector in the y-direction and the 8 denotes

the Dirac delta function. Since the current in (2) is y-

directed, we expect that a y-directed magnetic vector

potential A, is sufficient for representing the field [6]. Also,

because ~ is independent of the spatial y direction, so is A,.

Further, for an analysis of transmission characteristics, an

expression in terms of waveguide modes is most suitable. It

then follows that

‘TX ~–Jk,mlz–zJA, =Uyl), =Uy i B,.sin~ (3)
~=1

In (3), the kz~ are modal wavenumbers given by

E= E(Y)+ F”’ (1)

where E( .l) is the electric field due to the equivalent

current J, and Einc is the electric field of the incident TEIO

mode, both calculated with the post absent. If .l were

chosen such that the tangential component of E vanished

on SO, then E(J) would strictly be the field scattered by

the post on and external to SO in the original problem.

Unfortunately, the task to find this J can be considerably

complicated.

While analytical headway can be gained only at the

expense of a more cumbersome formulation, acceptably

accurate results may be obtained from an approximate

numerical solution without seriously taxing the computing

system. To obtain an approximate solution, it is convenient

to place N y-directed current filaments Ii, i = 1,. .0 ,N

equally spaced on S~, where 11, 12,. ... IN are constants yet

to be determined, as depicted in Fig. 2, and impose the

boundary condition with regard to the component of E

tangential to the post surface at a selected number of

points, equal to the number of sources N, equally spaced

kzl=lk’-(:)’ (4)

I( )
mr 2

k=m=–j — –k2,
a

m+l (5)

where k = U& is the wavenumber in the waveguide

region, and B,~ are coefficients given by

1
B,. = -

mwx,
I, sin —

jk=~a a“
(6)

Finally, the components of the electric field are derived

from (3). As expected, the electric field has only a y

component given by

E,y= -~ ~ &sin= si.~e-Jk.lz-zl (i’)
a a~=1 Zm

where q = fi is the intrinsic impedance of the medium

filling the waveguide.

Unfortunately, the series in (7) converges slowly and is

not convenient for computation. To convert it to a more
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rapidly converging one, we introduce the auxiliary series

(8)

which, when summed in closed form, reduces to (Appen-

dix)

Note that for large m, the terms of the series in (7)

approach those of S,aw. Furthermore, subtracting (8) from

(7) and adding the resultant expression into (9), we obtain

E,Y = S;w + S1 (lo)

where S,auxis given by (9) and S, is the rapidly convergent

summation

kqI, w

[

‘–Jkz.llz–z,l

s,=– ~ ~ k - ‘-(”:;’2-’”
~=1 Zm

a-)

m~x. .
. sin ~ sm %. (11)

a

This completes evaluation of the field at observation point

(x, z) due to current filament 1, situated at (.x,, z,). The

result represents the Green’s function for a line current in a

rectangular guide in terms of a rapidly converging series of

waveguide modes.

Referring now to (l), we need know E(J) for the N

y-directed current filaments. In view of the preceding dis-

cussion, this field is

E(y) = UY ; E,,. (12)
1=1

The incident field should also be specified. For the domi-

nant TEIO mode, this field is

Tx –~z
Einc = UVEI°C = uvsin —e J ZI .

a
(13)

Next, (12) and (13) are substituted into (l), and the

boundary condition is simultaneously imposed at N points

(X[, Z[),l =1,2,..., N. This reduces the functional equation

(1) to a matrix form in which the various matrices are

interpreted in terms of generalized network parameters. We

have

[Zg] i’= ;’. (14)

In (14), [Zg] is a square matrix of order N called the
generalized impedance whose (i, 1) element is the field due

to the i th current filament E,Y at observation point (xl, Zl).

The subscript “g” is used to make the generalized imped-

ance matrix of (14) and a two-port network impedance

matrix to be introduced in Section IV distinct. 1+is an

N-element column vector called the generalized unknown

current whose i th element is Ii. ~’ is an N-element column

vector called the generalized voltage source whose 1th

element is the negative of E ‘n’ at observation point (X1, zl ).

Finally, if [ Zg] is not singular, the unknown current vector

is readily given by

~=[Zg]-l~i (15)

where [ Zg] - I denotes the inverse of [ Zg].

IV. SCATTERING MATRIX AND EQUIVALENT

CIRCUIT

Once the unknown current vector is obtained from (15),

the scattered field in the waveguide can be readily com-

puted. We consider two reference planes T1 and Tz placed,

respectively, on z = z~l and z = z~2 far from the cylinder

axis such that

From (16)

zT1<< rnin ( 2,, i=l. . .,N) (16)

z~z >> max ( zl, i=l . . ., N). (17)

and (17), one easily recognizes that

l%-l–z,l=z[ –%> i=l,...,N (18)

1’%2– ZII=%’2– Z,!
i=~,...,N. (19)

In addition, it is assumed that the distance to each of the

planes TI and T2 from the cylinder axis is an integral

multiple of the guide wavelength so that

‘ +Jk,lzn = e *Jkz1zr2 = ~. (20)

It is noteworthy that because terminal planes TI and Tz are

located an integral multiple of the guide wavelength away

from the z = O plane, the scattering matrix for these planes

is identical to the scattering matrix for terminal planes

z = O– and z = O‘. Clearly, the only propagating mode is

the dominant TEIO (m= 1) mode. It then follows from (7)

and (12) on use of (18)–(19) that the scattered field at T1

and T2 is

(21)

N kqI 77X
= @_J sm ~ sin ‘e–Jk’1(zT2– Z[).

kzla a a
(22)

isl

The incident field is given by (13). At T1 and Tz, this field

is

EinclT1 = UyEylT, = u., sin ~e-’k:’z” (23)

‘inclT2 = Uj+H~2 = uysin ~e-Jk’’=”. (24)

Next, we use (21)–(24) to express the elements Sll and

S21 of the scattering matrix [S]. Here, Sll, the reflection

coefficient at T1, is given by

(25)



LE~lATAN et al.: SINGLE-POST OBSTACLE IN RECTANGULAR WAVEGUIDE 809

-1% -J%
+ 1~1 k

% 1jX. Z.

● I ●

~.o- z@
Fig. 3. Typicaf equivalent circuit for circular inductive post.

and Szl, the transmission coefficient at Tz, is given by

( )E~ + E: IT,
S21=

q%, .
(26)

Applying (20) in (21)–(24) and subsequently substituting

the resultant equations into (25) and (26), we obtain

(27)

The remaining elements S12 and S22 can be found from

reciprocity and symmetry considerations, respectively. It

follows that

S12= S21 (29)

S22= S1l. (30)

This ‘completes evaluation of the elements of the scattering

matrix for terminal planes z = 0- and z = O‘.

We wish now to obtain an equivalent circuit for the

circular inductive post. A typical two-port circuit represen-

tation of this obstacle is the T network shown in Fig. 3. To

obtain the T network parameters, we first express the

normalized elements of impedance matrix [Z] of thle junc-

tion in terms of the scattering matrix parameters. The

matrix relation between the scattering and impedance

matrices is given in [6]. This relation is readily expressed as

+[Z]=-([S]+[U]) ([ S]-[U])-’ (31)

where [U] is the unit matrix and 20 = up/k=l is the

characteristic impedance of the propagating mode. It then

follows that

211 (1+ S,,)(1 – s,,)+ S,,s,,

~ = (1– S,,)(1– S22)– S12S2,
(32)

212 2s12

z, = (1– S,,)(1 - s,,)– S,,s,,
(33)

221 2s21

~ = (l-sl,)(l - S22)-S12S21
(34)

222 _ (1– S,,)(1+ S22)+S12S21

z, – (1– S,,)(1– s,,)– S,,s,, “
(35)

Finally, the normalized parameters of the equivalent circuit

are computed. We have

.Xa 212 2s21
(36)

‘z=== (1- S, J2-S:,

.Xb 211– 212 1 + Sll – S.’l
‘J%= z .

l–sll+s’~”
(37)

o

V. NUMERICAL RESULTS

A computer program using the preceding formulation

has been written to calculate the normalized components

of the equivalent circuit for the circular inductive post.

This program is described and listed in [7]. It should be

emphasized that although this program is applicable exclu-

sively to the single-post obstacle, it can be generalized in a

straightforward manner to encompass other y-independent

obstacles. Some computational results obtained with this

program are given in this section.

The question of appropriately choosing the circular

surface S, and the number of filaments N arises naturally.

Studies have shown that the rate of convergence of the

results is independent of the choice of S,. The phenomenon

is linked to the fact that the average spacing in the z-direc-

tion between observation and field points, which de-

termines how rapidly the nonpropagating modes are

attenuated, is actually unchanged. Note that although the

following curves pertain specifically to the case in which

r. /r., the ratio between the radius of S. and the radius of

So is one, other ratios were also considered. Some examples

are r,/ro = 0.1, r,/ro = 0.5, and r,/rO = 0.8. In all four

cases, the rates of convergence as well as the resi.dts were

virtually identical.

The above reasoning is also helpful in understanding

why the rate of convergence is, with one exception, insensi-

tive to a circumferential shift of equivalent source points

relative to observation points. The exception is when this

circumferential shift is half the angular distance between

two adjacent observation points. In this case, due to sym-

metry, the general impedance matrix becomes singular.

With regard to N, even for choices less than optimal,

acceptably accurate results are obtained. As a rule of

thumb, one may choose 20 sources per one wavelength

circumference.

Attention should also be recalled to the summation in

(11). As a practical necessity, a truncation of the infinite

series is required. The truncation causes a deviation from

the correct solution. Fortunately, this error can be quanti-

tatively estimated from the unitary condition of the scatter-

ing matrix, whicli is equivalent to the power conservation

law [8]

lslll’ + Is’ll’ =1. (38)

In the cases under consideration, (38) has been satisfied

with a less than O.1-percent error.

Fig. 4 exhibits normalized reactance (X. /Zo)(A~/2a)

and ( X~ /Zo)(Ag/2a) as a function of d/a for centered
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Fig. 4. Circuit parameters for centered (XO = 0.5a) inductive post in
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Fig. 5. Circuit parameters for off-centered (x. = 0.3a) inductive post in
rectangular guide.

post (XO = 0.5a) for various frequencies. Here, Ag = 2r/kzl

is the wavelength of the TEIO mode. Cases shown are

A/a =1.01, A/a =1.20, A/a =1.40, and A/a =1.99, where

A = 2m/k is the wavelength in the medium filling the

waveguide. One should note that the graphs for X/a= 1.01

describe the case in which the frequency is just below the

cutoff frequency of the TEZO mode. Likewise, the graphs

for A/a = 1.99 describe the case in which the frequency is

just above the cutoff frequency of the TEIO mode. The

results have been checked against those of Marcuvitz [1]

and they plot right on top of Marcuvitz’s data as far as this

data goes, i.e., for d/a <0.25. It is interesting to view that

a dispersion of the ( X~ /20 )( A~/2a ) curve occurs when

d/a >0.25. Although we had always assumed that

Marcuvitz’s data was accurate, it is indeed remarkable that

the limit of validity he stated for the approximate frequency

independent curve X~ /20 Ag /2a was d/a = 0.25.
Fig. 5 presents normalized reactance ( Xa/ZO)(Ag/

2a)sin2(mx0/a) and (X~/ZO)(Ag/2a)sin2 (nx0/a) as a

function of d/a for off-centered post (XO = 0.3a) for vari-

ous frequencies. Cases shown are, again, A/a =1.01, A/a

=1.20, A/a =1.40, and A/a =1.99. The (Xa/ZO)(Ag/

2a) sin2(rx0 /a) curve seems to disperse at d/a= 0.075

and indicates that the range within which the Marcuvitz’s

frequency independent curve is valid is actually smaller.

This difference probably can be attributed to the fact that

when the post is closer to one of the waveguide walls,

higher order terms are needed for the Fourier series repre-

sentation in Schwinger’s analysis.

VI. DISCUSSION

The problem of a single inductive post in a rectangular

waveguide has been formulated in terms of an equivalent

electric current. The operator equation for the equivalent

current has been reduced to a matrix equation by using

multifilament representation of the current and point-

matching of the boundary condition. The Green’s function

for a current filament in rectangular waveguide has been

expanded in terms of waveguide modes and subsequently

converted to a rapidly converging series. Applying the

improved Green’s function in a moment solution, we have

obtained the currents. These currents have then been ap-

plied to derive the scattering matrix and the equivalent T

network for the post junction.

The computed results show good agreement with

Marcuvitz’s data as far as this data goes. The technique has

also been applied to posts of large diameter. In view of the

lack of experimental data or other analytical results for

large posts, we have pursued another independent method

of moment procedure to provide a check against the first

one. The results from both methods have shown a remarka-

ble agreement with each other within a fraction of one

percent.

It should be emphasized that the accuracies achievable

by these theoretical models are excellent with respect to

any engineering needs, particularly since additional contri-

butions to the fields arise due to losses at the conducting

surfaces and due to scattering from rough surfaces or

material inhomogeneities. Both theoretical methods for

achieving the parameters of the equivalent circuit should,

therefore, be viewed as very good ones throughout the

entire range O < d/a <1. Note, however, that we have

limited the data displayed to d/a< 0.5. This was done

because posts in the range d/a> 0.5 would yield extremely

high-Q filters which are not commonly encountered in

practice.

The new data presented here should allow one to design

a simply constructed new type of narrow bandpass filter,

namely, a filter consisting of large single posts. Moreover,

the successful use of a simple moment approach together

with the rapidly converging Green’s function in solving the

single-post problem suggests that this technique should

prove useful in solving a variety of microwave discontinui-

ties such as those involving thin or thick irises and posts of

arbitrary shape. Specifically, an extension to treat arrays of

posts appears to be fairly straightforward.

APPENDIX

SUMMATION FORMULA FOR S,am

In this Appendix, the series S~U given by (8) is summed

in closed form.
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First, consider the series

Q,= ~
#(f*+JY)

m-
‘(A1)

m-l

Here,< * = n/alx + Xil and z = n/ulz – Zil. Moreov&r, we

confine ourselves to O <%* < 27r, z >0, and exclude the

case in which both z* and z are zero. A summation

formula for Q* is obtainable straightforwardly from the

Taylor expansion of

~(w)= –ln(l+w) (A2)

about w = O. For IWI <1, with w = – 1 excluded, we have

~(w)= -ln(l+;)

w’ w’= –w-l– —--+...
23

+(–l)m$+ . . . .

(A3)

Setting

w = _ ~j(.F+jf) (A4)

one can readily verify that the requirements stated with

regard to w are satisfied. Now, substituting (A4) into (A3),

we arrive at

~ ~jm(-f+jZ)

Em = – ln(l – e~(z+~q). (A5)
~=1

Subsequently, we equate the real part of each side of (A4).

That is

{[
~ ~cosrn%, e-m2=Re in ~_ e~zi+ja]}.

~=1

(A6)

We turn now to S;m as given by (8). Applying straight-

forward algebraic reduction, we obtain

S;ux . ::

[
~ ~ cosrn~.e-”’

~=1

1
- ~~, ~ costn%+e-m’ . (A7)

Then, in view of (A6), we are led to

Finally, substituting X+, z., and .7 into (A8) one readily

obtains the summation formula given by (9).
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Optical Control of GaAs MESFET’S

ALVARO AUGUSTO A. DE SALLES

Abstract —Theoretieaf and experimental work for the performance of

GaAs MESFET’S under illumination from light of photou energy greater

than the bandgap of the semiconductor is described. A simple model to

estimate the effects of light on the dc and RF properties of MESFET’S is

presented. PhotoConductive and photovolttic effects in the active channel

and substrate are considered to predict the change in the dc equivalent

circuit parameters of the FET, and from these the new Y- and S-parame-

ters under illumination are cafcufated. Comparisons with the measured

S-parameter’s without and under illumination show very close agreement.

Opticaf techniques can he used to control the gain of an FET amplifier

and the frequency of an FET oscillator. Experimental results are presented

showing that the gain of amplifiers can be varied up to around 20 dB and

that the frequency of oscillators can be varied (tuning) around 10 percent

when the opticaf absorbed power in the active region of the FET is varied

by a few microwatt.

When the laser beam is amplitude-mnduiatcd to a frequency close to the

free-rnnning FET oscillation frequency, opticaf injection locking can occur.

Au analytical expression to estimate the locking range is presented. This

shows a fair agreement with the experiments. Some suggestions to improve

the opticaf locking range are presented.

I. INTRODUCTION

I N THE LAST FEW YEARS, an increasing interest has

been shown on the possibilities of using the light effects

to control the various functions of the FET’s. Conventional

methods of MESFET amplifier and oscillator control in-

volve direct electrical connection of the control source to

the device. However, in optical control, light provides the

coupling medium, allowing the control signal to be distrib-

uted using optical fiber technology. This offers consider-

able advantages, particularly where electrical isolation and
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immunity from electromagnetic interference are important

requirements.

The injection of light pro~des effectively an extra termin-

al to the device, which possesses inherent optical

isolation, no decoupling structures being required. These

decoupling structures are very often undesired because

they are usually lossy and their dimensions can be unsuit-

able for the miniaturization required. Also, in the near

infrared region (photon energies close to the GaAs band-

gap) the optical absorption depths in GaAs are of the order
of 1 pm, therefore being compatible with the microwave

device structures.
Some experiments have shown that the FET dc char-

acteristics may alter with illumination [1] and that FET

oscillators may be tuned by varying the intensity of the

light falling on the active region of the device [2]. Also,

some authors [3]–[5] have reeently reported high-speed

optical detection with GaAs MESFET’S.’

The present work has been developed elsewhere [6] in

more detail. Only commercially available GRAS MESFET’S

were used, providing therefore very poor coupling ef-

ficiency between optical and microwave energies due to the

small active region available for optical absorption. How-

ever, since more and more systems are using optical trans-

mission, direct optical interfaces become very attractive.

Thus future development with a modification of the pre-

sent available device structure for optimum optical/micro-

wave interaction is likely.
The fundamental physical mechanism arising in optical

illu&ination of the MESFET is the production of free

carriers (electron-pairs) within the semiconductor material

when light of photon energy equal to or greater than the

semiconductor bandgap energy is absorbed. Gaps between

0018-9480/83/1000-0812$01.00 @1983 IEEE


